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ABSTRACT 


The  differential  equation 

w"’  +  ww"  +  x(l  -  (w')2)  =  0, 

where  X  >_  0,  is  an  important  equation  in  boundary  layer  theory. 

Various  techniques  have  been  used  to  prove  the  existence  of  solutions 
on  [0,°°)  satisfying  various  boundary  conditions.  In  particular,  in 
the  context  of  an  intermediate  value  property  for  operators  on  partially 
ordered  sets  developed  by  Muldowney  and  Willett  [8],  Gamlen  and 
Muldowney  [4]  demonstrated  the  existence  of  a  solution  satisfying 
w(0)  =  a,  w' (0)  =  b,w’(°°)  =  1,  where  0  <  b  <  1.  In  the  same 
context,  this  result  is  extended  in  this  thesis. 

The  introduction,  Chapter  I,  contains  a  brief  outline  of  the 
derivation  of  the  boundary  value  problem  under  consideration.  In 
Chapter  II,  the  intermediate  value  property  is  defined  and  several 
examples  of  operators  with  this  property  are  given.  The  basic  theorem 
used  to  prove  the  final  existence  results  is  stated  and  proved  as  II. 1. 
Other  preliminary  results  required  are  also  developed  in  Chapter  II. 

The  final  results  are  presented  in  Chapter  III. 
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CHAPTER  I 


INTRODUCTION 

Consider  the  flow  of  a  fluid  past  a  smooth  solid  surface.  If 
the  fluid  is  assumed  to  be  perfect,  that  is,  frictionless  and  incom¬ 
pressible,  then  on  the  boundary  between  the  fluid  and  the  surface,  the 
fluid  has,  in  general,  a  nonzero  velocity.  However,  in  real  fluids, 
the  existence  of  intermolecular  attractions  causes  the  fluid  to 
adhere  to  the  surface  so  that  frictional  forces  retard  its  motion  in  a 
thin  layer  near  the  wall.  The  velocity  of  the  fluid  increases  from 
zero  at  the  boundary  to  the  full  value  corresponding  to  external 
frictionless  flow.  This  layer  under  consideration  is  called  the 
boundary  layer. 

The  frictional  forces  in  a  real  fluid  which  give  rise  to  the 
boundary  layer  are  due  to  a  physical  phenomenon  of  fluids  called 
viscosity.  Viscosity  in  fluid  flow  is  the  analogue  of  friction  in  the 
motion  of  solids.  Certain  fluids,  called  Newtonian  fluids,  have  a 
physical,  temperature-dependent  quantity  associated  with  them  called  the 
coefficient  of  viscosity,  y. 

In  order  to  write  the  two  dimensional  equations  of  motion  of 
a  real,  incompressible,  Newtonian  fluid,  let  (x,y)  be  a  Cartesian 
co-ordinate  system  and  x  =  time.  Let  (u(x,y,x),  v(x,y,T))  be  the 
velocity  vector  in  the  flow  field,  p(x,y,x)  the  pressure  in  the  fluid, 
and  p  =  constant,  the  density.  Then  the  fundamental  differential 
equations  which  form  the  basis  for  fluid  mechanics,  the  Navier-Stokes 
equations,  give, 
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with  the  condition  that  the  velocity  is  identically  zero  on  solid 
surfaces . 


If  the  surface  is  flat  and  coincides  with  the  x-axis,  and  the 
frictionless  flow  outside  the  boundary  layer  is  a  steady  flow  U(x), 
then  several  simplifying  assumptions  can  be  made  to  deduce  Prandtl’s 
boundary  layer  equations  for  steady  flow, 
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with  v  =  —  and  boundary  conditions  u  =  0  =  v,  when  y  =  0,  and 
u  =  U(x),  when  y  =  00 . 

Now,  consider  the  flow  past  a  wedge  of  a  real,  incompressible, 
Newtonian  fluid  flowing  linearly  toward  it  at  a  constant  velocity,  and 
in  the  direction  which  bisects  the  wedge  angle.  Let  (x,y)  be  a 
Cartesian  co-ordinate  system  whose  x-axis  coincides  with  one  edge  of 
the  wedge  and  whose  origin  coincides  with  the  tip.  It  is  known  that 
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for  small  x,  the  external  frictionless  flow  is  U(x)  =  u^x  ,  for 
some  constant  u^,  where  the  wedge  angle  is  ttA  and  A  =  *  .  In 

determining  the  boundary  layer  flow,  Falkner  and  Skan  [3]  were  able  to 
reduce  the  equations  (1)  and  (2)  to  a  single  ordinary  differential 
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equation  by  a  suitable  change  of  variables  as  follows. 


Introduce  a  "stream"  function  i/>(x,y)  defined  by  u  =  , 

dy 


dip 


v  =  -  .  Then  ip  determines  a  solution  of  (1)  and  (2)  if 


dip  d2ip  dip  d2ip  2  2m- 1  ,  a3ib 

3y  axay  "  ax  ^2  =  uimx  v  ^3  * 


(3) 


with 
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and  if =  uix  > 


when  y  =  °°. 


In  particular,  let 


(m+l)u 


2  v 
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1  2 
—  x 


and  solve  for  w  =  w(t)  such  that 


ip(x 


’y)  =v^r 


m+1 

1  X  2  w(t) 


satisfies  (3).  The  velocity  components  become 

u  =  u^x  w  (t) 

V  =  "  *>/S^  vu1x"'”1  (w(t)  +  tw'(t))  , 

and  (3)  becomes 

w"'(t)  +  w(t)w'(t)  +  A(l  -  (w’(t))2)  =  0  (4) 

with  boundary  conditions  w  =  0  =  w’ ,  when  t  =  0,  and  w'  =  1, 
when  t  =  °°. 

The  solution  of  the  differential  equation  (4)  with  various 
boundary  conditions  has  been  the  subject  of  extensive  literature  since 
it  was  presented  in  1931.  Hartman’s  book  [5,  pp.  519-537]  contains 
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a  summary  of  most  of  the  results  obtained.  Recently,  Gamlen  and 
Muldowney  [4]  proved  an  intermediate  value  theorem  which  could  be 
used  to  quickly  and  easily  demonstrate  the  existence  of  a  solution, 
for  A  0,  satisfying  w(0)  =  a,  w*  (0)  =  b,  w' (°°)  =  1,  where 
0  <  b  <  1  and  w’  (t)  ■>  0  on  [0,°°).  In  what  follows,  the  same 
technique  is  used  to  answer  questions  of  existence  for  similar 
boundary  conditions,  but  with  |b|  <  1. 


CHAPTER  II 


THE  INTERMEDIATE  VALUE  PROPERTY  AND  PRELIMINARY  RESULTS 


The  problem  of  existence  will  be  considered  in  terms  of  an 

✓ 

intermediate  value  property  introduced  by  Muldowney  and  Willett  [8]. 

Definition:  Let  X  and  S  be  partially  ordered  sets.  A  map  T:X  -*  S 
has  the  intermediate  value  property  with  respect  to  s  e  S  if  a, 8  e  X, 
a  £  8,  and  Tot  £  s  £  T8  implies  that  there  exists  z  e  X  such  that 
a  £.  z  Ji  &  and  Tz  =  s . 

In  the  examples  that  follow  assume  that  the  partial  ordering 
of  real  function  spaces  is  the  usual  order  holding  pointwise  a.e.  on 
the  domain  of  the  functions,  and  assume  componentwise  partial  ordering 
for  product  spaces. 

Ik.  k 

Regarding  notation,  let  L  (S),  C  (S),  and  AC  (S)  denote 
the  real  valued  functions  having  finite  Lebesgue  integrals,  their  first 
k  derivatives  continuous,  and  their  .first  k  derivatives  absolutely 
continuous  on  S,  respectively.  The  prefix  "loc"  means  the  identifying 
property  needs  to  hold  only  locally  on  S. 

Example  1:  A  well-known  result  on  differential  inequalities  (cf.  [2,  p.  30]) 
implies  the  following.  Suppose  f:[0,h)  x  H  ->  ]R,  0  <  h  £  °°,  is  contin¬ 

uous,  and  a, 8  e  loc  AC[0,h)  satisfy 

a'(t)  £  f  (t  ,a(t)  )  ,  6  *  (t )  £  f(t,8(t)),  a.e.  t  e  [0,h), 

a(0)  £  zQ  £  8(0),  a(t)  £  8(t),  t  e  [0,h). 
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Then  there  exists  z  e  0^(0, h)  such  that 

z'(t)  =  f(t,z(t)),  z (0)  =  zQ  , 
a(t)  £  z  ( t )  £  B(t),  t  e  [0,h) . 


It  follows  that  the  operator  T:loc  AC[0,h)  ->  loc  L  [0,h)  *  ]R 


defined  by 


(Tx)(t)  =  (x'(t)  -  f(t,x(t)),  x(0>)  , 


has  the  intermediate  value  property  with  respect  to  (0,z  ). 


The  intuitive  case  f  =  0  is  illustrated  below  in  Figure  1, 


Figure  1 
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Example  2:  A  result  of  Jackson  [6,  p.  354]  implies  the  following. 
Suppose  f:[0,h]  *  ]R  -*  ]R  is  continuous  and  a,B  e  AC^[0,h]  satisfy 

a"(t)  >  f(t,a(t)),  3"(t)  £  f(t,B(t)),  a.e.  t€  [0,h]  , 

a(0)  £  zQ  £  3(0),  a (h)  £  £  3(h),  a(t)  £  3(t),  t  e  [0,h]. 

2 

Then  there  exists  z  e  C  [0,h]  such  that 

z"(t)  =  f(t,z(t)),  z (0)  =  zQ,  z (h)  =  z1  , 
a(t)  £  z  ( t )  £  3 (t ) ,  t  e  [0,h] . 

112 

It  follows  that  the  operator  T:AC  [0,h]  L  [0,h]  x  ]R 

defined  by 

(Tx) (t)  =  (f(t,x(t))  -  x"(t),  x(0) ,  x(h))  , 

has  the  intermediate  value  property  with  respect  to  (0,Zq,z^). 

Figure  2  below  illustrates  the  again  intuitive  case  f  =  0. 
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It  is  also  apparent  that  a  continuous  map  f :  I  ->-]R  on  an 
interval  I  has  the  intermediate  value  property  with  respect  to 
s  £  f(I)*  Furthermore,  if  g:I  ->]R  is  decreasing,  then  f+g  has  the 
intermediate  value  property  with  respect  to  s  e  (f+g) (I).  In  fact, 
suppose  a,b  el,  a  _<  b,  and, 

f(a)  +  g (a)  <  s  <  f (b)  +  g (b)  . 

Let  c  =  sup (x  e  [a,b]:f(x)  +  g(x)  _<  s).  Then  f(c)  +  g(c)  =  s.  For 
otherwise, 

f(c)  <  s  -  g(c)  _<  s  -  g(b)  _<  f  (b) . 

So,  by  the  continuity  of  f,  there  exists  d  e  (c,b]  such  that 

f(d)  =  s  -  g (c )  £  s  -  g(d)  , 

contradicting  the  choice  of  c. 

The  following  theorem  gives  a  principle  initially  developed 
by  Muldowney  and  Willett  [8]  which  generalizes  the  preceding  observation 
to  show  when  the  intermediate  value  property  is  preserved  for  monotone 
perturbations  of  maps  between  partially  ordered  sets.  This  general 
formulation  of  the  principle  is  due  to  Gamlen  and  Muldowney  [4]. 

II. 1.  Theorem:  For  partially  ordered  sets  X  and  S,  let  K:X  x  X  ->  S 
be  such  that: 

(i)  K(*,x):X  +  S  has  the  intermediate  value  property  with  respect 

to  s  e  S  for  each  x  e  X; 

(ii)  K(x,*):X  S  is  decreasing  for  each  x  e  X. 

Suppose  further  that  for  s  e  S,  u,v  e  X,  u  _<  v,  [u,v]  =  (x  e  X:u  <  x  <  v}, 
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and  Xg[u,v]  =  (x  e  [u,v]  :3y  e  [u,v]  ?  K(x,y)  =  s}  : 

(iii)  well-ordered  subsets  of  X  [u,v]  have  suprema  in  X  ; 

s 

(iv)  if  W  is  a  well-ordered  subset  of  X  [u,v]  such  that 

s 

w  =  sup  W  and  K(x,w)  j<  s  for  each  x  e  W,  then  K(w,w)  _<  s. 

Then  the  map  x  K(x,x)  has  the  intermediate  value  property  with 
respect  to  s  e  S. 

Proof .  Suppose  that  for  some  a,  3  £  X  and  s  €  S, 

a  _<  3,  K(a, a)  ^  s  <  K(3,8). 


By  (ii), 


K(a, a)  j<  s  _<  K(3,a)  , 


so  it  follows  from  (i)  that  there  exists  e  [a, 3]  such  that  K(a^,a)  =  s. 

Then  (ii)  implies  that  K(a^,a^)  _<  s  so  that 

X  [ot, 3]  =  (x  £  X  [a,3]:K(x,x)  _<  s}  ^  <p  . 
s  s 

* 

Now,  let  W  be  a  well-ordered  subset  of  X  [a, 3]  and  w  =  sup  W. 

s 

From  (ii) ,  K(x,w)  _<  s  for  each  x  e  W,  so  (iv)  implies  that 
K(w,w)  _<  s.  Thus, 


w  _<  3,  K(w,w)  £  s  _<  K(3,8)  , 

so  (i)  and  (ii)  imply,  as  above,  that  there  exists  w^  e  [w,3]  such  that 

* 

K(w^,w^)  _<  s,  that  is,  w  =  sup  W  <  w^  £  Xg[a,3].  A  lemma  of  Bourbaki  [1] 

states  that  a  partially  ordered  set  has  a  maximal  element  if  it  contains 

* 

an  upper  bound  for  each  well-ordered  subset.  Therefore,  X  [a,b]  has  a 

s 

maximal  element  z.  K(z,z)  <  s  and  in  fact  K(z,z)  =  s. 


For  otherwise, 
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z  _f_  6,  K(z,z)  <  s  <_  K(3,3), 

from  which  it  follows  by  (i)  and  (ii)  again  that  there  exists  z^  e  (z,3] 

* 

such  that  K(z^,z^)  _<  s.  Then  z  _>  a  implies  that  z^  e  Xs[a,3]>  which 
contradicts  the  maximality  of  z. 

Further  examples  of  operators  with  the  intermediate  value 
property  can  be  determined  by  referring  to  Examples  1  and  2  together 
with  the  above  theorem.  The  following  well-known  result  will  be 
required  (cf . [2,p.7]) . 

Ascoli's  Theorem:  Let  F  be  a  family  of  functions  which  is  bounded 
and  equicontinuous  at  every  point  of  an  interval  I.  Then  every  sequence 
of  functions  in  F  contains  a  subsequence  which  is  uniformly  convergent 
on  every  compact  sub interval  of  I. 

Example  3:  Suppose  f:[0,h)  x  ]R  x  loc  AC[0,h)  -*  ]R,  0  <  h  £  »,  is  such 

that  f(*,*,y(»))  is  continuous  for  each  y  e  loc  AC[0,h),  and  f(t,x,*) 
is  increasing  for  each  (t,x)  e  [0,h)  x  H.  Then,  for  X  =  loc  AC[0,h) 
and  S  =  loc  L1[0,h)  x  ]R,  the  map  x  -►  K(x,x)  has  the  intermediate 
value  property  with  respect  to  (0,Zq)  e  S,  where  K:X  x  X  -*■  S  is 
defined  by 

K(x,y) (t)  =  (x* (t)-f (t,x(t) ,y(*)) ,  x(0)). 

In  order  to  see  this,  it  suffices  to  show  that  conditions  (iii) 
and  (iv)  of  II. 1  are  satisfied,  since,  by  referring  to  Example  1,  it  is 
clear  that  (i)  and  (ii)  of  II. 1  are  satisfied. 

For  any  u,v  e  X,  u  £  v,  suppose  x,y  e  X,  u  _<  x,y  £  v, 

and 

x(0)  =  zQ,  x'(t)  =  f  (t,x(t),y(‘)] ,  a-e.  t  e  [0,h). 
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By  the  continuity  of  u,v  and  f,  on  any  compact  interval  I  c  [0,h), 
there  exists  M,N  e  ]R  such  that 


x(t)  |  <_  M,  I  x f  (t )  |  _<  N,  a.e.  tel. 


Thus,  X,_  . [u,v]  is  uniformly  bounded  and  equicontinuous  locally 

W  »  Zq) 

on  [0,h).  Now,  if  W  is  a  well-ordered  subset  of  X/ri  \[u,v], 

(0,Zq) 

then  there  is  a  sequence  {x  }  c  W  such  that  x  f  w  =  sup  W.  By 

n  n 

Ascoli’s  Theorem  there  is  a  subsequence  which  converges  uniformly  to 
w  on  compact  subintervals  of  [0,h),  and  so,  since  {x^}  fact 

equi-absolutely  continuous  locally  on  [0,h),  it  follows  that  w  e  X, 
that  is, (iii)  holds. 

Suppose  K(x,w)  (0,Zg)  for  each  x  e  W.  Then  for  each 


[tl^]  c  [0,h), 


x(0)  =  Zq ,  x(t2)  -  x(t1>  <_ 


f (s,x(s) ,w(« ) )ds. 


So,  the  Lebesgue  Dominated  Convergence  Theorem  applied  to  {x^}  implies. 


w(0)  =  Zq  ,  w(t2)  “  w(t1)  <_ 


f (s,w(s) ,w(* ) )ds . 


Then  w  e  loc  AC[0,h)  implies 


w(0)  =  z0,  w’(t)  £  f(t,w(t)  ,w(*)) ,  a.e.  t  e  [0,h)  , 


or  equivalently,  K(w,w)  (0,Zq),  that  is,  (iv)  holds. 

Example  4:  Suppose  f:[0,h]  x  ]R  x  AC1[0,h]  ->  ]R  is  such  that  f(*,',y(*)) 

is  continuous  for  each  y  e  AC  [0,h]  ,  and  f(t,x,*)  is  decreasing  for 

1  12 

each  (t,x)  e  [0,h]  x  H.  Then,  for  X  =  AC  [0,h]  and  S  =  L  [0,h]  x  JR  , 
the  map  x  -+  K(x,x)  has  the  intermediate  value  property  with  respect  to 


*, 


. 
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(0,Zq,z^)  e  S,  where  K:X  x  X  S  is  defined  by 

K(x,y)(t)  =  (f  (t,x(t)  ,y(0)  -  x"(t),  x(0),  x(h))  . 

To  see  this,  it  suffices  to  show  that  K,  the  restriction 
of  K  to  Y  x  y,  has  the  intermediate  value  property  with  respect  to 
(OjZqjZ^)  e  S,  where  Y  =  (x  e  X:x(0)  =  zQ,  x(h)  =  z^} .  For,  suppose 
that  this  is  the  case,  and  a, 3  e  X,  a  £  3,  satisfy 

K(a, a)  £  (0,z0,Zl)  <  K(3,3). 

In  view  of  Example  2,  it  is  clear  that  K  satisfies  (i)  and  (ii)  of 
II. 1.  By  (ii)  it  follows  that 

K(a,$)  <  (0,z0,Z;L)  £  K( 3,  3) . 

So  (i)  implies  that  there  exists  3^  e  Y,  a  £  3^  £  3,  such  that 
K(31, 3)  =  (0,Zq,z^),  and  then  (ii)  implies 

K(a, a)  £  (O.ZqjZ^  £  K(31»31). 

By  a  similar  argument,  it  follows  that  there  exists  e  Y,  a  £  £  3 

such  that 

K(a1,a1)  £  (O^qjZj^)  £K(31,31). 

Hence,  there  exists  z  e  Y,  £  z  £  3^,  such  that  K(z,z)  =  (0,Zq,z^) 
and  the  desired  conclusion  is  obtained. 

Now,  to  show  that  K  has  the  intermediate  value  property 
with  respect  to  (0,Zq,z^),  it  is  only  necessary  to  show  that  (iii) 
and  (iv)  of  II. 1  are  satisfied. 

For  any  u,v  e  Y,  u  £  v,  suppose  x,y  e  Y,  u  £  x,y  £  v. 
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and , 

x(0)  =  zQ,  x(h)  =  Zj,,  x"(t)  =  f  (t,x(t)  ,y(*)) ,  a.e.  t  e  [0,h]. 

By  the  continuity  of  u,v  and  f ,  there  exists  M,N  e  H  such  that, 

| x ( t )  |  _<  M  ,  t  e  [ 0 ,h]  , 

|x"(t)  |  ,  a.e.  t  e  [0,h]. 

Since  Y  c  C^[0,h]  and  u(0)  =  x(0)  =  v(0),  there  exists  Q  el  such 
that 

|x’ (0)  |  £  Q  =  max{ |u’ (0)  | ,  |v’ (0)  |  }  . 


It  then  follows  that 


|x’(t)|  <  Nh  +  Q,  t  e  [0,h]  . 


Thus,  Y,  n[u,v]  and  {x'  e  AC[0,h]:x  e  Y.  \[u,v]}  are 

'>U,Z0,ZV 

uniformly  bounded  and  equi-absolutely  continuous. 

If  W  is  a  well-ordered  subset  of  Y/r.  N[u,v],  then 

(0jz0»zi) 

there  is  a  sequence  {x  }  c  W  such  that  x  t  w  =  sup  W.  By  Ascoli’s 


n 


n 


Theorem  there  is  a  subsequence  which  converges  uniformly  to  w  on  [ 0 , h ] 
and  thus  w  e  AC[0,h].  A  further  application  of  Ascoli’s  Theorem  gives 


a  subsequence  {x  }  and  w  e  AC[0,h]  such  that  x  ->  w  and 

nk  nk 


n. 


w  uniformly  on  [0,h].  The  Lebesgue  Dominated  Convergence 


Theorem  implies 


x  (t)  ->  w(0)  + 
nk 


w  (s)ds,  t  e  [0,h]  , 


0 


and  so 


w(t)  =  w(0)  + 


w  (s)ds,  t  e  [0,h]. 


0 


' 
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Since  w  e  C[0,h],  it  follows  that  w’ (t)  =  w  (t),  t  e  [0,h], 
Therefore,  w  e  AC1[0,h],  that  is,  w  e  Y  and  (iii)  holds. 

Suppose  K(x,w)  _<  (0,Zq,z^)  for  each  x  e  W.  Then  for  each 


[tx,t2]  c  [0,h], 


x(t0)  -  xC^)  _>  xf  (0)  (t0-t1 )  + 


2  1 


'2  r 


lJ0 


f  (r  ,x(r)  ,w( • ) ) dr 


ds  , 


x (0)  =  zQ,  x(h)  =  z1  . 


So  the  Lebesgue  Dominated  Convergence  Theorem  applied  to 
implies , 


(x  } 
k 


w(t2)  -  w(t1)  w’ (0)  (t2~t1)  + 


2 

t. 

•s 

f  (r  ,w(r)  ,w(«))dr 


ds  , 


w(0)  =  zQ,  w(h)  =  z  . 


Since 


w  e  AC1[0,h], 


then 


w"(t)  _>  f  (t  ,w(t)  ,w*  (t ) )  ,  a.  e.  t  €  [  0 ,  h]  , 
that  is,  K(w,w)  j<  0,  and  (iv)  holds. 

If  f(t,x,y(*))  is  replaced  by  f (t ,x,x’ ,y ( • ) )  in  Example  4, 
then  another  valid  example  can  be  obtained  provided  that  the  rate  of 
growth  of  solutions  to  x"  =  f (t ,x,x! ,y(*))  is  appropriately  restricted 
for  each  y.  In  fact,  the  existence  results  in  the  next  chapter  require 
an  explicit  example  as  such  for  their  proof.  In  the  remainder  of  this 
chapter,  preliminary  results  necessary  to  verify  the  example  are 
developed.  In  doing  so,  two  further  examples  of  operators  with  the 
intermediate  value  property  are  found. 
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The  following  theorem  is  a  new  result  whose  importance  here 
is  that  a  previous  result  of  Muldowney  [7],  which  will  be  used  in  the 
proof  of  II. 6,  follows  as  an  easy  corollary. 


A  function  f:I  x  1R  ]R,  where  I  is  an  interval  in  1R, 
satisfies  Carathdodory ’ s  conditions  if: 

(i)  f(t,*)dR  -*  3R  is  continuous  for  each  tel; 

(ii)  f(*,x):I  ->  ]R  is  Lebesgue  measurable  for  each  x  e  H; 

(iii)  for  each  compact  S  <=  ]R,  there  exists  m  e  loc  L^(I)  such  that 

I  f  ( t , x)  |  £  m(t)  ,  for  each  x  e  S. 

A  solution  x(t)  of  x*  =  f(t,x),  is  called  a  solution  in 
the  sense  of  Caratheodory  if  it  is  loc  AC(I),  on  its  interval  of 
existence  I,  and  x’ (t)  =  f(t,x(t)),  a.e.  tel. 


II. 2.  Theorem:  Suppose  f:[0,h)  x  ]R  ]R}  0  <  h  £  °°,  satisfies 

Carathdodory ' s  conditions  and  a,$:[0,h)  -*  1R  satisfy: 


(i) 

(ii) 

(iii) 


a(0)  £  zQ  £  3(0),  a(t)  £  3(t),  t  e  [0,h); 

f(t,a(t>),  f (t , 6(t) )  6  loc  L1[0,h) ; 

t„ 


a(t2)  -  a(tx)  £ 


f(s,a(s))ds  , 


6(0  -  6(tj)  £ 


f (s , 3 (s) )ds ,  c 


Then  there  is  a  solution,  z:[0,h)  ->  3R,  in  the  sense  of  Carathdodory , 
of 

z'  =  f  (t,z)  ,  z(0)  =  zQ 


such  that  a(t)  <  z(t)  £  B(t),  t  e  [0,h]. 


. 
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Proof.  Define  f:[0,h)  x  H  ->  ]R  by 


f(t,x)  = 


f  (t,a(t)) 
{  f(t,x) 
f (t ,  3(t) ) 


x  £  a(t) 

a(t)  £  x  £  3(t) 

6(t)  <  x. 


Choose  any  6  >  0.  By  the  Caratheodory  conditions,  there  exists 

m  e  loc  L^O.h)  such  that  |f(t,x)|  £  m(t)  on  [0,h),  whenever 

t 

lx  zq I  —  ^  ^  M(t)  -  J  m(s)ds ,  t  e  [0,h),  then  M  is  non-decreasing, 

0 

continuous  and  M(0)  =  0,  so  there  exists  0  <  t  <  h  such  that  M(t)  <  6, 
°  £  t  £  x.  For  any  positive  integer  n,  define  x  :  [-  -,  T]  +  H  by 


xn(t).=  < 


'0 


zo  + 


; - <  t  <  0 

n  —  — 


0 


ffs,x  fs  -  —lids  ;  0  <  t  <  x  . 
v  n v  J  —  — 


It  is  clear  that  x  is  well  defined.  On  f—  —  ,  ol ,  lx  (t)- 

n  In  j  1  n 


v  - 6- 


Suppose  that  for  some  positive  integer  k,  —  <  x,  and  x  (t)-z.  <  6 

n  n  0 


r k-1  k I 

on  -  ,  —  .  Then, 

In  nj 


Xn(t)_Z0'  -  M(t)  -  6  »  c  e 


-  *  \ 


where  N,  =  minjx,  .  It  follows  by  induction  that 

k  1  n  J 


xn(t)l  i  lZ0'  + 


m(s)  ds 


0 


<  |Z.0|  +  6,  t  £  1 0 » T )  • 


Therefore,  the  sequence  {x  }  is  uniformly  bounded  and  equicontinuous 


n 


on  [0,x].  By  Ascoli's  Theorem,  there  is  a  subsequence  of  {x  }  which 


n 


converges  uniformly  on  [0,x]  to  a  continuous  function  z:[0,x]  ->  H  . 


By  the  Lebesgue  Dominated  Convergence  Theorem  it  follows  that 


z(t)  =  Zq  + 


0 


f(s,z(s))ds,  t  e  [0,t]. 


Choose  >  t  such  that  z  is  not  right  continuable  on  [0,x^). 

Note  that  if  x_  <  h,  then  lim  _|z(t)|  =  00  since  z  is  of 

t  ^  T1 

bounded  variation  on  [0,x^)  (cf . [10, p. 95] ) . 

It  is  now  only  necessary  to  show  that  a(t)  _<  z(t)  _<  3 ( t ) 
on  [0,x^),  for  in  this  case,  f(t,z(t))  =  f(t,z(t)),  and  x^  =  h. 

The  latter  follows  by  the  semicontinuity  conditions  required  of  a  and 
3  by  hypothesis,  which  imply  that  a  and  3  are  bounded  on  [0,x^] 
if  x  <  h. 

Suppose  the  contrary  and  without  loss  of  generality  assume 
that  z(t^)  <  a(t^)  for  some  0  <  t^  <  x^.  By  (iii) ,  a  is  left  lower 
semicontinuous  on  (0,h)  and  right  upper  semicontinuous  on  [0,h),  so 
that 

lim  inf  a(t)  a(t-)  » 
t  +  tl 

lim  +sup  a(t)  <_  a(t^)  . 
t  t i 


Thus, 


tQ  =  sup  { t  <  t1 :  z  (t)  _>  a(t)}  <  t1  , 


and  a(tQ) 


z(tg),  since  z 


z(t1)  -  z(tQ) 


is  continuous.  Then, 

t. 


f  (s,z(s))ds 


0 


f  (s ,a(s)) ds 


0 


1  a(t1)  -  a (tQ)  , 


which  implies  the  contradiction  z(t^)  _>  a(t^). 


II. 3.  Corollary:  Suppose  f:[0,h)  x  ]R  +  ]R,  0<h£°°,  satisfies 

Carath^odory ’ s  conditions  and  a:[0,h)  -*  H  satisfies: 

(i)  a(0)  <_  zQ,  | Zq  |  <  00  ; 

(ii)  f{t,a(t))  e  loc  L^[0,h); 

t2 

(iii)  a(t2)  -  a(t1)  <_  /  f  (s,a(s))ds,  [t1,t2]  c  [0,h). 

ti 

Then  for  some  ..  0  <  x  <  h,  there  is  a  solution  z:[0,x)  in  the 

sense  of  Caratheodory ,  of 


z’  =  f(t,z),  z (0)  =  zQ  , 


such  that,  a(t)  <  z(t)  on  [0,t). 


Proof.  Choose  6  >  0,  me  loc  L  [0,h),  and  0  <  x  <  h  as  in  the 


proof  of  II. 2.  Define  3:[0,x)  -*  H  by 


3(t)  =  Zq  + 


m(s)ds,  t  e  [0,x). 


0 


Then,  |  B ( t )  —  z^  |  6  on  [0,x)  so  that 


&(t2)  -  6(t1)  = 


ra(s)ds 


f  (s, 3(s))ds, 


[tl»t2]  c  t°»T) 


The  result  now  follows  by  arguments  similar  to  those  in  the  previous 


proof. 
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Remark:  It  is  clear  that  the  inequalities  may  be  reversed  in  II. 3.  In 

this  case,  define  3:[0,t)  ■+  H  by 


•t 

m(s)ds,  t  e  [0,t). 

J0 


The  following  example  is  an  immediate  consequence  of  II. 2. 


Example  5 :  Suppose  f:[0,h)  x  H  ]R,  0  <  h  <_  °°,  satisfies  Carath^odory 1  s 

conditions  and  let  X  =  (x:[0,h)  •*  ]R: f (t ,x(t))  e  loc  L^[0,h)}, 

2 

S  =  {(t^jt^)  e  3R  :0  j<  t^  _<  t^  <r  h},  Y  =  {x:S  ->H}.  Then  the  operator 
T:X  -►  Y  x  ]R  defined  by 


(Tx) (t1,t2) 


(x ( t £ )  -  x(t1) 


f (s,x(s))ds, 


J  t. 


x(0))  , 


has  the  intermediate  value  property  with  respect  to  (0,Zq). 

The  case  f  =  0  is  illustrated  below  in  Figure  3.  A  com¬ 
parison  of  Figures  1  and  3  indicates  how  this  example  extends  Example  1, 
that  is,  continuity  requirements  are  removed. 


Figure  3 


20, 


The  remaining  results  of  this  chapter  involve  the  second 

2 

order  differential  equation,  x"  =  f(t,x,x'),  where  f:[0,°°)  x  ]R  E. 
is  assumed  continuous.  The  first  of  these  can  be  found  in  Hartman's  book 
[5,  p.  424]. 

r 

II. 4.  Theorem:  Suppose  that  |f(t,x,y)|  m,  for  t  e  [0,h],  (x,y)  e 

2 

Then  for  any  zq»z^  e  1R,  there  is  a  solution  z  e  C  [0,h]  of  the 
boundary  value  problem 


z"  =  f(t,z,z’),  z (0)  =  zQ,  z(h)  =  z1  . 


Proof :  For  any  positive  integer  n,  let  x(t)  =  x(t,y)  be  the  unique 

solution  of  the  initial  value  problem 

x"(t)  =  f(t,x(t  -  ,x’  (t  -  ^)),  t  e  [0 ,h]  , 


x'(t)  =  y,  x (t )  =  zQ,  t  c  [-  — ,0] . 


Then, 


x(t)  =  zQ  +  yt  + 


0 


(t-s)f  fs,x(s  -  — )  ,x' fs  -  — ))ds,  t  e  [0,h] , 

v  v  n  v  n' ' 


implies 


lim  x(h,y)  =  +°°,  lim  x(h,y)  = 

y  +oo  y  -oo 

since  f  is  bounded.  Also,  the  map  y  x(h,y)  is  continuous  (cf . [2 ,p. 18] . 

Thus,  there  exists  y  such  that  x(h,y  )  =  z- .  Let  x  (t)  =  x(t,y  ). 

’  n  n  1  n  n 

For  each  n, 


xn(t) 


z0  +  V  + 


•t 

(t-s)f  (s,x 

J0 


t  e  [ 0 ,h] , 


xn(0)  =  zQ, 


x  (h)  =  z  , 
n  l 


21. 


implies 


Z1  zo 


+  mh 


so  that 

I  z  — z  | 

|xM(t)  |  <  m,  |xf  (t)  |  <  — +  2mh,  t  e  [0,h]  . 
n  —  n  —  n 

Therefore,  the  sequences  {x^}  and  (x'  }  are  uniformly  bounded  and 

equicontinuous  on  [0,h].  By  Ascoli's  Theorem,  there  is  a  subsequence 

(x  )  and  z,z*  e  C[0,h]  such  that  x  -*  z  and  x!  ->  z* 
nk  nk  nk 

uniformly  on  [0,h].  The  Lebesgue  Dominated  Convergence  Theorem 

applied  to  (x?  )  implies 

nk 


x  (t}  -  z0  + 
k 


•t 

z*  (s)ds , 

J0 


and  so 


z(t)  =  z 


0 


+ 


■t 

z*  (s)ds , 

J0 


t  e  [0,h]. 


By  the  continuity  of  z*  it  follows  that  z?(t)  =  z*(t)  on  [0,h], 

Since  it  is  clear  that  there  exists  y*  such  that  y  ->  y*,  then 

°k 

ft  .  , 

z (t)  =  zQ  +  y*t  +  I  (t-s)f  (s,z(s) ,z' (s)Jds,  t  e  [0,h], 


or  equivalently, 


z"(t)  =  f  (t,z(t) ,z ’ (t ) ) ,  t  e  [0,h] . 


The  definition  and  lemma  which  follow  can  be  found  in  Jackson 


[6,  p.  353],  The  lemma  shows  that  the  Nagumo  condition  defined  on  f 
sufficient  to  bound  the  first  derivatives  of  certain  solutions  of 
x"  =  f(t,x,x’).  Such  growth  restrictions  are  used  in  11.6-11.8. 

2 

Definition:  f:[0,h]  x  H  -*  H  satisfies  a  Nagumo  condition  on  [0,h] 
with  respect  to  a, 8  £  C[0,h]  if  a(t)  £  8(t)  on  [0,h],  and  there 
exists  a  positive  continuous  function  y  on  [0,°°)  such  that 
|  f  (t  ,x,y)  |  £  Y  (  |  Y  |  )  ,  for  all  t  e  [0,h],  a(t)  £  x  £  8(t),  |y|  < 

and 

,oo 

'~~TT  >  sup  “  inf  a > 

nS'  0£t£h  0£t£h 

where  Lh  =  max{|a(0)  -  8(h)|,  |a(h)  -  8(0) |)  . 

II. 5.  Lemma :  Suppose  f  satisfies  a  Nagumo  condition  on  [0,h]  with 

2 

respect  to  a, 8  e  C[0,h].  Then  for  any  z  e  C  [0,h]  satisfying 

z"  =  f(t,z,z’),  a (t)  £  z(t)  £  8(t),  t  e  [0 ,h] , 

there  exists  N  >  0,  depending  on  a,  8  and  y,  such  that 
| z '  (t) |  £N  on  [0,h]. 

Proof :  Choose  N  >  L  such  that 

rN  , 

-  >  sup  8 ( t )  -  inf  a(t). 

0<t<h  0<t<h 


is 


Suppose  that  there  exists  x^  e  [0,h]  such  that  |z'(Xg)|  >  N,  and 


without  loss  of  generality,  assume  z’(xq)  >  N.  Since  z  e  C[0,h] 
there  exists  x^  e  [0,h]  such  that 

h  z  (xx)  =  z(h)  -  z(0)  , 

and,  by  definition,  |z’(x^)|  L.  It  then  follows  that  for  some 
(c,d)  c  [0 ,h ]  ,  either 

z’(c)  =  L,  z ’  (d)  =  N,  L  <  z'(t)  <  N,  t  e  (c,d) 

or 

z’(c)  =  N,  z'(d)  =  L,  L  <  z'(t)  <  N,  t  e  (c,d) 


Again,  without  loss  of  generality,  assume  the  former.  Then, 

I 

|z"(t)|  =  I  f  (t,z(t)  ,zf  (t))  I  <_  y  (z ’ (t)  )  ,  t  e  [c,d]  , 


implies 


fN 

•*L 


s  ds 
Y(s) 


'd  z"(t)z'(t)dt 

„  Y(z'(t>) 

c 


|z"(t) |z' (t)dt 

Y(z 1 (t) ) 
c 


z  ’  (t)dt 


'  c 


sup  B(t)  -  inf  a(t)  , 

Oftjfh  0<tj<h 

contradicting  the  choice  of  N. 

II.6-II.8  are  new  results  which  extend  some  results  of 


Jackson  [6,  pp.  354-355]. 


;  M 


24. 


II. 6. 

Theorem:  Given 

“i’ 

3^  e  AC[0,h]  and  cx^ ,  32  e  ^  suppose 

that 

(i) 

aj(t)  =  <*2(t) 

and 

3|(t)  =  B2(t),  a. e.  t  e  [0,h]; 

(ii) 

^(t)  1  31  (t)  , 

t  e  [0,h] ; 

(iii) 

W  -  a2(tl) 

> 

*2 

f  (s,  a  (s)  ,  a  (s)  )ds,  and 

^2 ( 1 2 >  “  ^2^1^ 

J 

< 

fcl 

rfc2 

f  (s,  31(s)  ,  32(s))ds,  [t^t^  c  [0,h]; 

2 

(iv)  f(t,x,y)  is  locally  uniformly  Lipschitz  in  y  on  [0,h]  x  E.  ; 

(v)  f(t,x,y)  satisfies  a  Nagumo  condition  on  [0,h]  with  respect  to 

V6r 

(vi)  f-^t.y)  =  f(t,a1(t),y)  and  f2(t,y)  =  f(t,ei(t),y)  satisfy 
Caratheodory ' s  conditions  on  [0,h]  x  ]R. 

Then  for  any  zq,zx  6  suc^  that 

a1(0)  f  zQ  <  61(0),  ax(h)  <  zx  <  B^h)  , 

2 

there  is  a  solution  z  £  C  [0,h]  of  the  boundary  value  problem, 

z"  =  f(t,z,z’),  z (0)  =  zQ,  z (h)  =  z1  , 

such  that 

a^(t)  _<  z(t)  3-^(t),  t  e  [0,h]  . 

Proof:  Choose  N  >  0  as  in  II. 5  and  C  >_  N  such  that 


a  (t)|  <  C,  | 3  (t) |  <C,  a.  e.  t  e  [0,h]. 


-  *  2 

Define  f,f  :[0,h]  x  H  ->  ]R  by 


f(t,x,y)  =  < 


f (t ,x,-C) 
f (t,x,y) 
f (t,x,C) 


y  £  -C 

|y  I  £  c 

y  >  C 


f*(t,x,y)  = 


'  f (t,a1(t) ,y) 
f (t,x,y) 
f (t,31(t) ,y) 


;  x  £  (t) 

;  ax(t)  £  x  £  3-j^ (t) 
;  x  _>  31(t) . 


On  [ 0 ,h]  x  H  , 


— 

f  (t,x,y)  |  £  sup  {  |f  (t  ,x,y)  |  :  t  e  [0,h] ,  o^Ct)  _<  x  <_  f 


so  by  II. 4,  there  is  a  solution  z  e  C  [0,h]  of 


_* 


z"  =  f  (t,z,z’),  z (0)  =  Zq ,  z (h)  =  Zj 


It  remains  only  to  show  that 


since. 


in  this  case, 


_* 

f 


(t)  £  z(t)  £  ^(t),  t  e  [0,h], 

|z'(t)|  <  N,  so  that 
(t,z(t),z’(t))  =  f  (t ,Z (t)  ,z’  (t) ) . 


x(t) ,  |y  |  _<  c}  <  *  , 


Suppose  the  contrary,  and  without  loss  of  generality,  assume 


. 
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that  there  exists  [c,d]  c  [0,h]  such  that 

z(c)  =  61(c),  z(d)  =  B1(d),  z  ( t )  >  B-^t),  t  e  (c,d). 


z  -  B^  has  a  maximum  in  (c,d)  at  q,  say.  Since  z  -  B^  e  AC[c,d], 
there  is  a  subset  of  (c,q)  of  positive  Lebesgue  measure  on  which 
z’(t)  >  B|(t),  and  a  similar  subset  of  (q,d)  on  which  z’(t)  <  B|(t) 
(cf.[9,  p.  246]).  Then  B|(t)  =  62(0  a.e.  t  e  [0,h]  implies  that 
there  exists  p  e  (c,q)  and  r  e  (q,d)  such  that 

z 7 (p)  >  B2(p),  z’(r)  <  B2(r). 


But , 


z"(t)  =  f  (t,31(t) ,z' (t ) ) ,  t  e  [p,d) 


62(t2)_32(tl)  - 


f  (sjBj^Cs)  ,B2(s))ds,  [t1,t2]  c  [p,d), 


and  z’(p)  >  B2(p),  together  with  (iv)  (which  implies  uniqueness)  and 
(vi) ,  imply  that  z’(t)  _>  B2 ( t )  on  (p,d),  by  II.  3.  This  contradicts 
z'  (r)  <  B2(r) . 


The  above  theorem  immediately  extends  Example  2  by  relaxing 
the  continuity  and  differentiability  requirements  on  the  functions 
a  and  B.  In  practice,  it  allows  certain  jump  discontinuities  in  a 
and  B’.  The  type  of  discontinuity  allowed  is  illustrated  by  comparing 


Figure  4  below  and  Figure  2. 


•  ' 


5 


. 
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In  II. 7  the  results  of  II. 6  are  extended  to  [O,00).  II. 8 
makes  explicit  the  types  of  discontinuity  allowed  in  a’  and  8'  in 
practice. 


II.  7  Theorem:  Given  6  loc  A.C[0,°°)  and  a2’^2  €  ^oc  ^  ^,0o^, 

suppose  that: 

(i)  a|(t)  =  a2(t),  6|(t)  =  62  (t ) ,  a.e.  t  e  [0,°°); 


(ii)  o^Ct)  £  61  (t ) ,  t  e  [ 0 , °°) ; 

f2 

(iii)  "2^2^  “  “2^1^  — 


f  (s,a1(s) ,a  (s))ds; 


B2(t2)  -  B2(t1)  £ 


f  (s,81(s) ,82(s))ds, 


[t1,t2]  c  [ 0 , °°) ; 


. 
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(iv)  f(t,x,y)  is  locally  uniformly  Lipschitz  in  y  on  [0,h]  *  ]R  ,  h  >  0 

(v)  f(t,x,y)  satisfies  a  Nagumo  condition  on  [0,h],  h  >  0,  with 
respect  to 

(vi)  f ^ (t  >y)  =  f  (t , (t) ,y)  and  f2(t,y)  =  f  (t ,  CO  »y)  satisfy 
Carath£odory '  s  conditions  on  [O,00)  x  ]R. 

Then  for  any  z^  e  ]R  such  that  cc^CO)  z^  _<  f^CO),  there  is  a  solution 
z  e  C2[0,°°)  of 

zM  =  f (t,z,z*) ,  z(0)  =  Zq  , 

such  that 


a2  (t)  £  z  ( t )  £  (t)  ,  t  e  [  0 ,  °°) . 


Proof :  By  II. 5  and  II. 6,  for  each  positive  integer  n  there  exists 

2 

z  e  C  [0,n]  such  that 
n 

z  (0)  =  z  ,  z  (n)  =  $  (n)  , 
n  U  n  1 

z^(t)  =  f  (t,zn(t) ,z^(t))  , 

a  (t)  <  z  (t)  <  8,  (t),  t  €  [0,n]  , 

1  —  n  —  1 

and  there  exists  N  >0  such  that  |y’(t)|  <  N  on  [0,n]  for 
2 

any  y  e  C  [0,n]  satisfying 

y"(t)  -  f(t,y(t),y’(t)),  ^(t)  <  y(t)  <  ^(t) ,  t«[0,n]. 

So  for  fixed  n,  the  sequences  (z  }  and  {z'},  m  >  n,  are  uniformly 
bounded  and  equicontinuous  on  [0,n].  By  Ascoli’s  Theorem,  there  is  a 


' 
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r  1  *  * 

subsequence  tz  }  and  z,z  e  C[0,°°)  such  that  z  -*  z  and  z'  z 

■v  “k  “k 

uniformly  on  compact  subintervals  of  [O,00),  and 


ot^t)  £  z(t)  £  3-j^Ct),  t  e  [0,°°). 


From  the  convergence  z’  -*  z  ,  the  Lebesgue  Dominated  Convergence 
Theorem  implies  that 


z  (t)  ->  z(0)  + 
“k 


z  (s)ds  , 


0 


and  so, 


z  ( t )  =  z  (0)  + 


z  (s)ds,  t  e  [0,°°). 


0 


•k  * 

By  the  continuity  of  z  it  follows  that  z'(t)  =  z  (t)  on  [0,°°) 


Then, 


z'  (t)  =  z  (0)  + 
”k  “k 


ffs,z  (s),z*  (s)lds 
o  ”k  “k 


implies 


z* (t)  =  z  (0)  + 


f  (s  ,z  (s)  ,z '  (s))ds,  t  e  [O,00) 


0 


Finally,  by  the  continuity  of  f, 


:"(t)  =  f (t,z(t),z’(t)),  t  e  [0,«) 


H .  8  Corollary;  Given  a  ,  ^  e  loc  AC[0,°°)  and  piecewise 

loc  AC1[0,°°),  suppose  that: 

(i)  a1(t)  £  B1(t),  t  €  [  0 ,  °°)  ; 

(ii)  a!^ (t)  £  f  (t  ,a1(t)  ,a|(t))  , 


' 


(iii) 


^  (*• »  ^  (O)  >  a.e.  t  e  [0,°°); 

% 

at  each  discontinuity  x  of  a’  af(x-)  <  a'(i+), 

1  111  1  1 

at  each  discontinuity  t2  of  j3|,  6^ (t^)  _>  3^ (x^)  5 

(iv)  f(t,x,y)  is  locally  uniformly  Lipschitz  in  y  on  [0,h]  x]R2,  h  >  0 

(v)  f(t,x,y)  satisfies  a  Nagumo  condition  on  [0,h],  h  >  0,  with 
respect  to  cx^,6^; 

(vi)  f-^t.y)  =  f(t,a1(t),y)  and  f2(t,y)  =  f(t,@  (t),y)  satisfy 
Carath£odory '  s  conditions  on  [O,00)  x  ]R. 

Then  for  any  zQ  e  ~R  such  that  0^(0)  <  zQ  <  g  (0) ,  there  is  a  solution 
z  €  C2[0,°°)  of 

z"  =  f (t,z,z’),  z (0)  =  zQ  , 

such  that 

o^Ct)  £  z(t)  £  (t ) ,  t  e  [0,°°)  . 

Proof :  Choose  a2'^2  6  ^oc  ^[O*00)  such  that 

a2(t)  =  a|(t),  e2(t)  =  3’(t), 

whenever  the  derivatives  exist.  The  result  follows  from  the  previous 
theorem  if  condition  (iii)  of  that  theorem  is  satisfied.  In  particular, 
since  a2  and  are  piecewise  continuous,  it  suffices  to  show  that 

(iii)  in  II. 7  is  satisfied  on  intervals  [t^,t2]  c  [0,°°)  containing 
precisely  one  discontinuity  t  of  a2  or  t2  of  But  in  this 

case  it  is  clear  that 


31. 


z 

f (s,a1(s),a2(s))  <  a2(T^)-a2(t1)  +  a2(t2)-a2(Ti) 


or 


-  °2(t2)"a2(tl)' 


rS2 


f(s,61(s),B2(s)]ds  >  B2(T2)-B2(t1)  +  B2(t2)-B2(T2) 


1  ‘VV"  W* 


The  next  example  is  an  immediate  consequence  of  the  above 


corollary. 


Example  6:  Suppose  f:[0,h]  x  H  H  is  continuous  and  let 

2 

S  =  {(t^jt^)  €  1R  :0  <_  t^  £  t^  <  °°),  Y  =  {x:S  H} .  Then  the  operator 

Trpiecewise  loc  AC^[0,°°)  ->  Y  x  ]R  defined  by 

t„ 


(Tx)(t1,t2)  = 


f  (s,x(s) ,x* (s))ds  -  x’(t2)  +  x'(t+),  x(0) 


has  the  intermediate  value  property  with  respect  to  (0,Zq). 


CHAPTER  III 


FINAL  RESULTS 


The  intermediate  value  theorem  presented  in  the  previous 


chapter  as  II. 1  is  used  in  this  chapter  to  prove  the  existence  of 
solutions  to  the  boundary  value  problem. 


(5) 


w(0)  =  a,  wT  (0)  =  b,  w’  (°°)  =  1, 


(6) 


where  X  £  0  and  |b|  <1.  The  particular  results  are  contained  in 


a  subsequent  theorem  whose  proof  also  uses  the  preliminary  results  II. 7 
and  II. 8.  The  technique  used  is  analagous  to  that  used  by  Gamlen  and 
Muldowney  [4]  in  an  application  to  the  above  problem. 

By  the  change  of  variable  z  =  w’ ,  the  boundary  value 
problem  (5)- (6)  becomes 


z  (0)  =  b,  z(°°)  =  1, 


2  i 

where  F:[0,°°)  *  HR  x  loc  AC  [ 0 , °°)  -*■  1R  is  defined  by 


rt 


y(s)ds)x'  -  A(l-x^). 


F (t ,x,x’ ,y (* ))  =  "(a  + 


Assume  that  X  >_  0  and  |b|  <1,  and  let 


X  =  {y  e  loc  AC1  [0 ,°°) :  | y ( t )  |  £  1,  t  e  [0,°°)}, 


Y  =  {x  e  X:x(0)  =  b,  x(°°)  =  1,  x’ (t)  £  0,  t  e  [0,°°)}, 


32 


■ 
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Define  K:X  x  X  ->  S  by 


K(x,y)  =  (F(t ,x(t) ,x' (t) ,y(*))  -  x"(t),  x(0>) , 


and  let  K  be  the  restriction  of  K  to  Y  x  Y. 

(a)  For  fixed  y  e  X  and  a^,3^  e  b°c  AC^fO,00),  it  is  easy  to 
see  that  f(t,x,x')  =  F  (t ,x ,xf ,y ( • ) )  satisfies  conditions  (iv)-(vi)  of 
II. 7.  Then  II. 7  implies  that  K(*,y)  has  the  intermediate  value 
property  with  respect  to  (0,b)  e  S,  for  each  y  e  X.  In  fact,  K(*,y) 
has  the  intermediate  value  property  with  respect  to  (0,b)  e  S,  for 
each  y  e  Y.  For,  suppose  a, 3  £  Y,  y  e  X,  K(y,y)  =  (0,b), 
a  <  y  <  but  for  some  t^  0,  y’Ct^)  <  0.  Then, 


y" (t)  +  (a  + 


ft 
•  0 


y  (s)ds) y ’ (t) 


-X(l-Y2(t))  <  0, 


a. e.  t  c  [0,«) , 


implies  that  y'(t)  <  0  on  [tQ,«>),  and  hence  the  contradiction 

y(oo)  <  1. 

(b)  For  each  fixed  x  e  Y,  K(x,*):X  -*  S  is  decreasing. 


(c)  For  any  u,v  e  Y,  u  _<  v,  suppose  x,y  e  Y,  u  x,y  v, 

and 

x (0)  =  b,  x"(t)  =  F(t,x(t),x’(t),y(*)},  a.e.  t  e  [0,«>). 


For  any  h  >  0,  by  the  continuity  of  F,  there  exists  Me®.  such  that 

|x"(t)|  <_  M,  a.e.  t  e  [  0 ,  h  ]  . 

Since  Y  c  C1[0,»)  and  u(0)  =  x(0)  =  v(0),  there  exists  Q  elR 
such  that  |x’(0)|  £  Q.  Then 


■ 
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x'  (t)  |  £  Mh  +  Q,  t  e  [0,h]  , 


and  it  follows  that  Y.  ,[u,v]  and  {x'  e  loc  AC[0,°°):x  e  Y/A  N[u,v]} 

are  uniformly  bounded  and  equi-absolutely  continuous  on  [0,h]. 

If  W  is  a  well-ordered  subset  of  Y._  ,x[u,v],  then  there 

(U,b; 

is  a  sequence  {x^}  c  W  such  that  x^  I  w  =  sup  W.  By  Ascoli's  Theorem 
there  is  a  subsequence  which  converges  uniformly  to  w  on  compact 
subintervals  of  [O,00).  It  is  then  clear  that  w  e  loc  AC[0,°°)  and 


w(t)  <  1,  w?  (t)  >  0,  a.e.  t  e  [0,°°). 


A  further  application  of  Ascoli's  Theorem  gives  a  subsequence  {x  }  and 

nk 

*  *  K 
w  e  loc  AC[0,°°)  such  that  x  w  and  x  ->  w  uniformly  on 

nk  nk 

compact  subintervals  of  [O,00).  By  the  Lebesgue  Dominated  Convergence 

•ft  A 

Theorem  and  the  continuity  of  w  ,  it  follows  that  w' (t)  =  w  (t)  on 
[ 0 , °°)  .  Therefore,  w  e  loc  AC^[0,°°),  and  so  w  e  Y. 


(d)  For  W,  w,  and  (x  }  as  in  (c) ,  suppose  that  K(x,w)  £  (0,b) 

Hk 

for  each  x  e  W.  Then  for  [t^jt^]  c  [0,°°), 


x(t2)-x(t1)  >_  x' (0)  (t2-t1)  + 


2  r 


t£0 


F (r ,x(r) ,x' (r) ,w(*))dr 


ds . 


Since  w  e  loc  AC1[0,°°),  it  follows  from  an  application  of  the  Lebesgue 
Dominated  Convergence  Theorem  to  {x  }  and  {x'  },  that 


w"  ( t )  £  F  (t ,w(t) ,w' (t) ,w( • ) ) »  a.e.  t  e  [0,«), 


that  is,  K(w,w)  £  (0,b). 

From  (a)-(d),  it  follows  by  II. 1  that  the  map  x  •+  K(x,x)  has 
the  intermediate  value  property  with  respect  to  (0,b)  e  S.  In  fact, 


/ 


' 
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if  a  e  Y  and  3  e  X  are  such  that  a  jc  3,  3(°°)  =  iy  ancj 

K(a,a)  <  (0,b)  _<  K(3,3), 

then  there  exists  z  e  Y ,  a  _<  z  _<  3,  such  that  K(z,z)  =  (0,b).  For, 
in  this  case,  (b)  implies 


K(a,3)  £  (0,b)  £  K(3,3), 
so  by  (a) ,  there  exists  3^  e  X  satisfying 


a  1  1  6,  K(3x,e)  =  (0,b). 


As  in  (a) , 


B^(t)  +  (a  + 


’t 

3(s)ds) 3' (t) 

J0 


<  0, 


a.e.  t  e  [0,°°) 


implies  that  $^(t)  _>  0  on  [0,°°),  and  it  follows  that  3-^  e  Y. 
Finally,  by  (b) , 


K(a, a)  <  (0,b)  <  K(31,31), 

so  that  z  can  be  determined  by  the  intermediate  value  property. 


The  main  results  of  this  thesis  are  contained  in  the  following 
theorem,  whose  proof  makes  use  of  the  preceding  observation. 

Theorem:  The  boundary  value  problem 

w,M  +  ww"  +  A(l-(w')2)  =  0,  (5) 

w(0)  =  a,  w' (0)  =  b,  w'  (°°)  =  1,  (6) 

2 

has  a  solution  w  e  loc  AC  [O,00)  which  satisfies  (5)  almost  everywhere 


' 
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and  w"(t)  0  on  [0,°°),  for  each  of  the  following  cases: 

(i)  A  0,  0  <  b  <  1,  -°°  <  a  <  +°° ; 

(ii)  A  >  0,  -1  <  b  _<  0,  -00  <  a  <  +°° ; 

(iii)  A  =  0,  -1  <  b  _<  0,  -k^  +  ^-(b  -  £n(b+l))  _<  a  <  +00,  for  some 


Proof :  Make  the  change  of  variable  z  =  w*  in  (5)  and  define  F,  X, 

Y,  S,  K,  and  K  as  above.  If  3=1  and  ]b|  <1,  then  it  is 
clear  that  3  e  X,  3(°°)  =  1,  and  K(3,3)  ^  (0,b).  Therefore,  it 
follows  from  the  discussion  above,  that  determining  a  e  Y  such  that 
K(a,a)  _<  (0,b)  implies  the  existence  of  z  e  Y,  a  <  z  <  3,  satisfying 


z 


m 


•t  ? 

z (s)ds) z '  (t)  -  A(l-z  (t)), 

J0 


a.e.  t  e  [ 0 , °°)  , 


where  A  >_  0,  |b|  <1.  But,  clearly, 

•t 


w  ( t )  =  a  + 


z(s)ds,  t  e  [ 0 , °°) 


0 


satisfies  (6)  and  (5)  a.e.  t  e  [ 0 , °°) .  So  the  theorem  followTs  if  for 
each  case,  an  ct  e  loc  AC^[0,°°)  is  determined,  which  satisfies: 


(A)  a'  (t)  _>  0,  t  e  [0,°°) ; 

(B)  a  (0)  =  b,  ot(°°)  =  1; 

■t  2 

(C)  aM(t)  _>  -(a  +  a(s)ds) a’ (t)  -  a(  1-a  (t)},  a.e.  t  e  [0,“) 

J0 


Case  (i) :  Define 


exp (-  a+br  dr)ds 
0  J0 

00  rs 

exp  (-  a+br  dr)ds 

0  0 


a(t)  =  (1-b) 


+  b,  t  e  [ 0 , °°)  . 


I 


' 


. 

<i  • 


• 

»  • 

37. 


Figure  5 


Then  clearly,  (A)  and  (B)  are  satisfied,  and 


a"(t)  =  -(a  +  bt)a’(t) 


_>  -(a  +  a(s)ds)a’(t)  -  A  (l  -  a  (t)) 

J0 


Case  (ii) :  Choose  c  >  0  such  that  -1  <  -c  <  b  and  consider  the 


problem 


+  (a-ct)z'  +  A (1-c  )  =  0,  z(0)  =  b,  t  e  [0,°°). 


A  solution  <*2  is  of  the  form 


a 2 (t)  =  -A (1-c  ) 


e'r(s)(  er(u)du)ds  +  a’  (0) 

0  •'o 


e-r(s)ds  +  b. 


0 


ct 


where  r(t)  =  at  -  — —  •  Since 


al(t) 


=  -e-r(t)(Xd-c2)  V(s)ds  -  .1(0)]  , 


0 


then  choosing 


0^(0) 


=  A (1-c  ) 


0 


r(s) 

e  ds 


0 


for  some  t^  >_  0,  it  is  clear  that  has  a  maximum  at  t^. 


Now,  for  any  t  e  ]R, 


s 


du 


lim 

s  -*  +°° 


s 

se 


2 


+ 


u 

e 


2 

du 


lim  - 7 

s 

s  +°°  2se 


1 

2 


implies  that 


•OO  r) 

-sz 

( 

rS  o  ^ 
u  , 

e 

e  du 

t 

< . 

t  J 

ds  =  +°°,  t  e  R. 


Then, since 


a2('t0^  b 

X (1-c2) 


rr  o  ,  v  i 

r(s), 
e  ds 

✓ 

0  ,  v  1 

e-r(s)ds 

0  ,  . 
-r(s) 
e 

^  o  \ 

r(u)  ,  ^ 
e  du 

J  o 

V. 

•’0  J 

• 

0  ^ 

Jo  J 

ds 


0  r  \  ( 

r  (s) 
e 

rs  t  \  \ 

-r  (u) 
e  du 

Jo  ^ 

Jo  J 

ds;  integrating  by  parts 


0  [-(/c/2  t-a//2c)2)  r  [Sp((»/c72’  u-a//2c)2)du" 


0 


0 


ds 


r/c/2  tn-a//2c  o 


0 


-s' 


-a/ /2c 


r/c/2  s-a//2cT  2 


-a/ /2c 


u  j 

e  du 


ds 


it  follows  that  lim  a2(tQ)  =  "H”‘  If  C0  =  °*  then  a2(t0)  "  b’ 


t0^ 


0 


so 


t  >  0  can  be  chosen  so  that  0  <  (^(tQ)  <  c.  In  this  case. 


/ 


39. 


on 


[0,t0),  ot^(t)  >  0  and  |a  (t )  |  <  c  so  that 


a2  (t)  =  -(a-ct)a^(t)  -  A  (1-c  ) 


1  -(a  +  a  (s)ds)a’(t)  -  A  (l  -  a2(t)) 


0 


Next,  define  similar  to  a  in  Case  (i) , 


r  s 


exp  (t  q(u)du)ds 


a3 (t)  =  (i  -  a2(t0^ 


0 


0 


■s 

exp(-  q(u)du)ds 


+  o2(t0). 


0 


0 


where  q(t)  =  a  + 


0 


0 


a2(s)ds  +  (t-tQ)a2(t0)  .  Then, 


and 


a3 (t())  =  a2^t0^’  a3^°°^  =  1»  a3 )  >  0,  t  e 


a^(t)  =  -q(t)o^(t) 


=  -(a  + 


>_  -  (a  + 


/o 


a2(s)ds  + 


a2(tQ)ds)a* (t) 


0 


0 


ct 


0 


a2(s)ds  + 


a  (s)ds)a' (t) , 


0 


Finally,  define 


a2(t)  ;  0  1  t  1  t 


0 


ai(t)  =  < 


a3(t)  ;  t0  <  t  <  -H» 


by 


t  e  [tQ,°°), 


t  e  (t0,°°). 


B1(t)  =  1. 


J, 


40. 


Then  define  f:[0,°°)  x  ]R  ->  E.  by 


f(t,x,y)  =  -(a  +  a  (s)ds) y  -  A(l-x  ). 

J0 

It  is  easy  to  see  that  f  satisfies  (iv)-(vi)  of  II. 8.  Also,  from 

I 

the  above,  it  is  clear  that  a^,3^  e  loc  AC[0,°°)  are  piecewise 
loc  AC^ [0,a>) ,  and 


a1(t)  <_  B1(t) ,  t  e  [0,-)  , 


■  a2(to>  “  0  =  “i0^’ 

a£(t)  >_  f  (t  ,a1(t)  , 


6 


^(t)  <  f  (t,31(t),B|(t))  ,  t  e  [0,«>),  t/t 


0* 


41. 


Thus,  by  II. 8,  there  exists  a  e  loc  AC1[0,°°)  satisfying 

a(0)  =  b,  al(t)  <_  a(t)  £  8  (t), 
rt 

a"(t)  =  -(a  +  0t1  (s)ds) a'  (t)  -  A(l-a2(t)),  t  e  [0,°°). 


Since 


ft 


a"(t)  +  (a  +  a  (s)ds)a’(t)  £  0,  t  e  [0,°°), 

J0 

then  a*  (t)  >^0  on  [O,00),  and  it  follows  that  a  satisfies  (A),  (B) , 
and  (C). 


1/2 


Qf se _ (.HI)  :  l*et  M-2-e7,  N  -  e^2-l,  and  denote  the  well-known 

error  function 


erfc(z)  =  — 
nr* 


~s 

e  ds. 


For  any  k  >  0, 


Ns' 


.  f,  ,  N  >  f  /¥  +  2k^ 2  k2  1  N 


SO 


M 


r  N  ,  1} 
exp  [—  +  -J 


8k 


M 


exp 


0 


(k  +  £)s- 


Ns' 


ds 


2N  exP(|i)erfc 


-k  -  A 

2k 


/2N 


(7) 


Since  lim  erfc(z)  =  2,  then  (7)  has  a  finite  positive  limit  as 

z  -oo 

k  -*•  0+.  Thus,  there  exists  k^  >  0 


such  that 


- 


42. 


M  exp 


—  +  i 
2  2 


8k 


0 


r  oo 


exp 


0 


iko  e 


1/2 


^0  +  Ik^1  s 


N  >  Ns" 


ds 


(8) 


For 


k0  +  k  ^  ~  ^n0>+l))  £  a  <  -f®  , 
&n (b+1) 


eo  ■  - 


'0 


C1  c0  +  2k 


0 


define 


o^Ct) 


ko(t  to) 

e  -1 


= 


t  f 
exp 


(2-e1/2)^ 


^k0  +  2kQ)  (s-to) 


N(s-tQ) 


ds 


;  0  £  t  £  t 


\ 


/•OO  f 

exp 


^ko +  if:)  (s_to) 


N(s-tQ)  >i 


2 -  +  e  -i;  t:  c  t  c  -h». 


0 


ds 


8x(t)  =  1. 


Figure  7 


iH  |  CN 


43. 


Then  define  f:[0,°°)  *  3R  -*  ]R  by 


f(t,x,y)  -  -(a  +  a  (s)ds)y, 

J0 


Again,  it  is  easy  to  see  that  f  satisfies  (iv)-(vi)  of  II. 8.  Also, 
it  can  be  shown  that  6  ^oc  AC[0,°°)  satisfy  the  remaining 

hypotheses  of  II. 8  as  follows. 


<  ko(t'to) 

V 


(a) 


ot|(t) 


;  0  <  t  <  t. 


■  < 


exp 


(2-e2) 


(k0  +  2kQ^  (t  t0) 


N(t-tQ) 


exp 


(ko  +  ^  (S-V  - 


N(s-tQ) 


;  t1  <  t  <  -H» 


ds 


6{(t)  s  0. 


Clearly,  a  ,8^  are  piecew;*-se  l°c  AC  [0>“)»  and  by  (8), 


ai(ti)  =  V1/2  - 


since 


M  exp 


f,  ,  N  >>  1 _ N  r  1  ' 

v.Kn  ^  9V  j  9V  9  ^9V  J 


‘0 


2ko  2ko 


2  k2k 


0 


exp 


(k0  +  2k  ^ 


N (s-tQ) ' 


0 


0' 


ds 


(b)  Since 


then 

(c) 


Since 


Since 


0^(0)  =  b,  ai(«>)  =  i,  a|(t)  >0,  t  £  [0,°°),  t  + 
al(t)  <_  31  (t )  on  [0,°°)  . 

Since  a1(t0)  =  0  and  aj(t)  >  0  on  [0,t  ),  then 


a^(t)  =  kQaj(t) 


-a  +  7^(b  -  £n(b+l)) 


a|(t) 


0 


=  -  (a  +  a  (s)ds)  a*  (t) 

J0 

ft 

“  (a  +  a.  (s)ds)  a'  (t) 

J0 

=  f  (t,a1(t) ,aj(t)) ,  t  £  [0,t1) 


a^C^)  =  N  and  aj(t)  >  0  on  (t^00),  then 


o^(t)  = 


(k0  +  -  N(t-to) 

'  ft 

(k0  -  a  (t  )ds)  oj_(t) 
^  Jt,  ; 


a|(t) 


-a  +  ^~(b  -  £n(b+l))  - 

ko 


(s)ds 


a. 


•t 

=  -(a  +  a  (s)ds) a' (t) 

J0 

=  f(t,a1(t),a|(t)),  t  £  (t1,~) 
6|(t)  =  0  =  3” (t) ,  it  is  obvious  that 


6”(t)  <  f  (t,31(t),6{(t)), 


t  £  [0,«). 


45. 


Therefore,  by  II. 8,  there  exists  a  e  loc  AC^[0,°°) 


satisfying 


a(0)  =  b,  a^t)  <_  a(t)  £  ^(t). 


rt 


a"(t)  =  -(a  +  a  (s)ds) a'  (t)  ,  t  e  [0,°°) 

•*0  1 


It  follows  that  a’(t)  >  0  on  [0,°°)  so  that  a  satisfies  (A),  (B) , 


and  (C) . 
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